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ABSTRACT 

W e  show t h a t  any s p e c t r a l l y  dominant vec to r  norm on matr ices  which is 

i n v a r i a n t  under i somet r ies ,  dominates the  numerical  r ad ius ,  r ( 0 )  Thus, t h e  

ce l eb ra t ed  Lax-Wendroff s t a b i l i t y  cond i t ion ,  r ( * )  < 1, 141, d e f i n e s  a maximal 

i s o m e t r i c a l l y  i n v a r i a n t  s t a b l e  set .  
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1. I n t r o d u c t i o n  

The s tudy of many i t e r a t i v e  procedures involves  the ques t ion  of uniform 

power-boundedness of elements in a set F of nxn complex valued ma t r i ces .  

That is, one is i n t e r e s t e d  in t h e  e x i s t e n c e  of a cons t an t  K > 0 such t h a t  

f o r  every matr ix  A E I? 

Such a set  I? is c a l l e d  a s t a b l e  set .  Here 1 . 1  denotes  a v e c t o r  norm on 

Mn - 
such norm a gene ra l i zed  matr ix  norm, t o  d i s t i n g u i s h  1 . 1  from a matr ix  norm, 

1.11, which in a d d i t i o n  t o  being a v e c t o r  norm on M is a l s o  

s u b m u l t i p l i c a t i v e ,  i.e., IlABII < nAll IIBH. We t h i n k ,  however, t h a t  t he  term 

gene ra l i zed  ma t r ix  norm" is confusing and we p r e f e r  t o  c a l l  t h e  norm, 1 . 1 ,  

t h e  a lgeb ra  of nxn complex valued ma t r i ces .  It is customary t o  c a l l  

n 

I1 

v e c t o r  norm on mat r i ces ,  o r  simply v e c t o r  norm. 

Since Mn is f i n i t e  dimensional,  a l l  v e c t o r  norms on M are equivalent  

and hence t h e  s t a b i l i t y  of F does not  depend on t h e  p a r t i c u l a r  choice of a 

vector  norm. W e  would l i k e  to  study s t a b l e  sets. A complete characterization 

of such sets w a s  given by H. 0. Kreiss in [3 ] ;  h i s  cond i t ions ,  however, are 

hard t o  v e r i f y  and whence d i f f i c u l t  t o  apply.  One tries, t h e r e f o r e ,  t o  

s impl i fy  Kreiss' cond i t ions  by p u t t i n g  a d d i t o n a l  assumptions on t h e  s t a b l e  set 

F A n a t u r a l  assumption which is f u l l y  j u s t i f i e d  in a p p l i c a t i o n s  is 

n 

(i) F is a convex set .  

Next, t o  s impl i fy  t h e  problem in ques t ion ,  we s h a l l  suppose 
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i e  ( i i )  eiep = F, i.e., AEF i f f  e AEF, f o r  a l l  real e. 

( i i i )  F con ta ins  an open neighborhood of t h e  zero matr ix .  

F i n a l l y  we note  t h a t  t he  power-boundedness (1.1) holds  f o r  any A i n  the  

c l o s u r e  of F , so  we may assume 

( i v )  F is a closed set. 

W e  c a l l  a v e c t o r  norm 1.1 a s t a b l e  norm, i f  i t s  u n i t  b a l l  is a s t a b l e  

set. Assumptions ( i ) - ( i v )  imply, t h e r e f o r e ,  t h a t  F is the  u n i t  b a l l  of some 

s t a b l e  norm, 1 . 1 ,  

So, we may as w e l l  s tudy s t a b l e  norms. It e a s i l y  fol lows t h a t  every A i n  a 

s t a b l e  set F , satisfies t h e  von Neumann cond i t ion  

p(A) denoting the  s p e c t r a l  radius  of A Hence, t ak ing  F t o  be i n  

p a r t i c u l a r  t h e  u n i t  b a l l  of a s t a b l e  norm 1.1, we f i n d  f o r  such a norm 

A v e c t o r  norm 1.1 s a t i s f y i n g  t h e  above i n e q u a l i t y  is  c a l l e d  s p e c t r a l l y  

dominant, and we conclude t h a t  s p e c t r a l  dominance is necessary f o r  a v e c t o r  
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norm t o  be s t a b l e .  Thus we a r r i v e  a t  t h e  fo l lowing  

Problem : Which spectral ly  dominant v e c t o r  norms on are s t a b l e ?  

L e t  ( * , * )  be a given inne r  product on In- t h e  space of n-th column 

complex vec to r s .  Also, any A&Mn d e f i n e s  a o p e r a t o r  A : Bn-+#" i n  t he  

obvious way. The numerical  r a d i u s  of A i s  then  def ined by 

It is  well-known t h a t  r ( * )  i s  a v e c t o r  norm. I n  1964 Lax and Wendroff 141 

showed f o r  the Eucl idian inne r  product (x ,y)  = y x ,  t h a t  r (*)  i s  a s t a b l e  

norm, i.e., t h a t  t h e  se t  

* 

i s  a s t a b l e  one; t h e i r  proof proceeds by induc t ion  on t h e  dimension n In 

f a c t ,  t h e  numerical  r a d i u s  r(*) induced by a gene ra l  i nne r  product-- 

* * 
n e c e s s a r i l y  of t h e  form (x,y) = y Hx, H = T T > 0 -- is  a s t a b l e  norm as w e l l  

[6]. Indeed, i t s  u n i t  b a l l  is similar t o  t h e  se t  (1.6), with T being t h e  

s i m i l a r i t y  t ransformation.  The a i m  of t h i s  paper,  i s  t o  show t h a t  the Lax- 

Wendroff cond i t ion ,  r ( * ) G l ,  i s  opt imal  i n  t h e  fol lowing sense.  

Main Theorem. F=% b e  a s t a b l e  set s a t i s f y i n g  the assumptions 

( i ) - ( i v ) *  Assume furthermore t h a t  P is i n v a r i a n t  under s i m i l a r i t y  by 

i s o m e t r i e s ;  t h a t  is  
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UmT" = F , f o r  a l l  U such t h a t  (Ux,Ux) = (x ,x ) .  (1.7) 

Then F i s  contained i n  the  set  ( 1 . 6 ) .  

The above r e s u l t  implies  

Corol lary.  Any s p e c t r a l l y  dominant vec to r  norm which is i n v a r i a n t  under 

s i m i l a r i t y  by i s o m e t r i e s ,  is s t a b l e .  

We c l o s e  t h i s  s e c t i o n  by an i n t e r e s t i n g  con jec tu re  of C. Johnson [ 2 ]  (which i s  

s t a t e d  t h e r e  i n  an equiva len t  form) 

Conjecture:  Any s p e c t r a l l y  dominant norm is s t a b l e .  



2. Inva r i an t  Norms. 

Lemma 1. Assume t h a t  t he  vec to r  norm 1.1 i s  i n v a r i a n t  under the  

s i m i l a r i t y  by a mat r ix  U , 

- Then U i s  s i m i l a r  t o  a d iagonal  mat r ix  A,  

A = diag(Al,  ..., A n ) ,  I A i l = l A j l  , l < i , j < n .  

Proof : Suppose f i r s t  

t ux = hiX, u Y = AjYY XYY f 0, 

where Ut i s  t h e  t ranspose  of U. For A = xyt we then have 

so  I hi 1- !Aj I by (2.1).  It is  l e f t  t o  show t h a t  U i s  s i m i l a r  t o  d iagonal  

mat r ix .  Assume t o  the  con t r a ry  t h a t  U i s  s i m i l a r  t o  an upper t r i a n g u l a r  

mat r ix  v = (vij); 

U = TVT-' wi th  v12=1. 

Noting t h a t  A f 0, we choose 

A = TBT-l, 
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-2 A 

A s t r a igh t fo rward  c a l c l a t i o n  shows t h a t  t h e  (1 ,2)  e n t r y  of T’l(UkAU-k)T i s  

k2. The matrices UkAUwk are, t h e r e f o r e ,  no t  uniformly bounded. On t h e  

where t h e  only non-zero e n t r y  of B = (bij); i s  b22 

o t h e r  hand, (2.1) y i e l d s  

and i n  p a r t i c u l a r ,  t h e  matrices UkAU-k, are uniformly bounded. The above 

c o n t r a d i c t i o n  e s t a b l i s h e s  t h e  lema. 

By Lemma 1, t h e  s tudy of i n v a r i a n t  norms is reduced t o  inva r i ance  under 

d i agona l  matrices of t h e  form (2.2). W e  cont inue by cons ide r ing  inva r i ance  

under such type of similari t ies.  

For each A=(a i j )  l e t  diag(A) denotes t h e  diagonal  matr ix  

d i a g ( a l l ,  ..., a ). W e  have nn 

Lemma 2. 1.1 be a vec to r  norm on F$,, i n v a r i a n t  under the 

s imilar i ty  by a diagonal  matr ix  

Assume t h a t  Xi# A f o r  i # j*  Then 

A = diag(Al,  , A n ) ,  Ihi 1-  !Aj I, H i ,  j c n -  

j 

Proof: From t h e  A- i nva r i ance  i t  fo l lows  

m 1 m k -k l--L 1 A ~ A A - ~ I  c - in AA I = I A I .  
k=O m+lk=O 

L e t  q0 denote t h e  matr ix  on t h e  l e f t  
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m 
A ~ =  (aij (m) ) = - 7 AkAA-k. 

*'k=O 

We have 

1 - '~ hj J 
f o r  i f j .  (m) = a (m) = 

ii ii' a i j  aij ( m + l ) (  1- E) a 

L e t  m+= and o b t a i n  ( 2 . 3 ) .  

Theorem 1. Let 1 . 1  be a vec to r  norm on % i n v a r i a n t  under s i m i l a r i t y  

by i somet r i e s ;  t h a t  i s  

IUAU-ll = ! A I ,  f o r  a l l  U such t h a t  (Ux,Ux) = (x ,x) .  (2.4) 

Then 1.1 is  s p e c t r a l l y  dominant i f  and only i f  1.1 dominates t h e  numerical  

r a d i u s  (1.5) 

Proof .  The numerical  r ad ius  i s  a s t a b l e  norm, hence the  s u f f i c i e n c y  of 

(2.5) is  obvious s i n c e  

W e  t u r n  now t o  prove the  n e c e s s i t y  of (2.5) .  We cons ider  f i r s t  t he  Euclidean 

inne r  product (x ,y)  = y x; t h e  corresponding numerical  r a d i u s  (1.5) i s  * 

denoted by rI(A),  and the  i somet r i e s  i n  t h i s  case are u n i t a r y  matrices. 

They inc lude  i n  p a r t i c u l a r  any diagonal  matrix whose spectrum l ies  on the  u n i t  
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circle. So we may apply Lemma 2 yielding ( 2 . 3 ) .  For A = (aij)? we have 

The assumption that 1.1 is spectrally dominant therefore implies 

which combined with ( 2 . 3 )  gives us 

Since p( * )  anc 1 * I  are -0th unitarily invariant, it follows that ( 2 . 8 )  holds 

for any matrix unitarily similar A. Let V be a unitary matrix with first 

column x , x x = 1. Employing ( 2 . 8 )  for V AV = (aij) we get 
* * 

* Since for any x , x x = 1, we can find a unitary V whose first column is 

x, we conclude 

* 
r (A) max Ix Ax1 < ! A I *  * I 

x x=l 

Consider now a general inner product ( * , * ) ;  it is necessarily of the 

form 

(2.10) 
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with a p o s i t i v e  Hermitian H. For t h e  corresponding numerical  r ad ius ,  

r ( * ) 3 H ( * ) ,  i t  is  s t r a igh t fo rward  t o  show 

L e t  1.1, be another  norm on % given by 

(2.11) 

(2.12) 

S ince  the  i somet r i e s  i n  t h i s  case  c o n s i s t  of matrices U such t h a t  

is u n i t a r y ,  we f i nd  on account of (2.4) t h a t  t h e  new norm 1.1, H1/2m'1/2 

is  u n i t a r i l y  i n v a r i a n t ;  by (2.9) t h e r e f o r e  

This  i n e q u a l i t y  is  equiva len t  t o  (2.5) i n  view of (2.11)-(2.12). The proof of 

t h e  theorem i s  completed. 

W e  no te  t ha t  i n  the course of proving n e c e s s i t y  i n  the last theorem, w e  

d id  not  use bu t  t h e  s p e c t r a l  dominance f o r  d iagonal  mat r ices .  When combined 

with t h e  u n i t a r y  inva r i ance ,  however, i t  is  equ iva len t  t o  the  s p e c t r a l  

dominance (1.41, as e a s i l y  seen by cons ider ing  t h e  Schur t r i a n g u l a r  form. 

Proof of Main Theorem. Our assumptions imply t h a t  F i s  the  u n i t  b a l l  

of some vec to r  norm 1 . 1  which n e c e s s a i r l y  s a t i s f i e s  (2.4). Since F is 

s t a b l e ,  t h e  norm 1 . 1  i s  s p e c t r a l l y  dominant. By Theorem 1, i t  dominates t h e  

numerical  rad ius  as w e l l ;  whence r (A)<IAI<l  and F i s  contained i n  the  set 

(1.6). 
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3. An Open Problem. 

Let 1 * I  be a unitarily invariant vector norm on %. For XI$" denote 

D(x) = diag(xl, ..., x (3.1) n 

and then define a vector norm I l * n  on tn 

IlxII = ID(x)l. 

Since 1 * I  is unitarily invariant, it follows 

II Px II f II x II 

(3 2) 

( 3 . 3 )  

for all permutation matrices P; that is IlxII is a symmetric norm. Vice 

versa, if lI*II is a norm on tn, we can define a unitarily invariant vector 

norm 1 I on Ifn, as follows 

Here U stands for the set of all unitary matrices, and the norm on the right 

is the norm of the n-tuple diagonal entries being viewed as a vector in 4". 
The norm 1.1 is a minimal invariant in view of (2.3). Clearly 1.1 is 

spectrally dominant iff 

In particular, let llxll be the Holder norm 
P 



-11- 

and denote by 1 . 1  t h e  corresponding i n v a r i a n t  norm given by (3.4). Since 

1.1 ,  
P 

is  s t a b l e  we have the i n e q u a l i t y  

For p = m e q u a l i t y  s i g n  holds  i n  (3.5),  w e  have IAI,= rI(A) and hence 

K - 1  
O0,n 

as 

This was t h e  Halmos con jec tu re  [ l l .  See [51 f o r  a s h o r t  proof.  

Problem. For which va lues  of p , l<p<m, t h e  cons t an t s  Kp,n are 
uniformly bounded i n  n? 
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